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Complex Zeros of the Error Function and of 
the Complementary Error Function 

By Henry E. Fettis, James C. Caslin and Kenneth R. Cramer 

Abstract. The first one hundred zeros of the error function and of the complementary 
error function are given. An asymptotic formula for the higher zeros is also derived. 

Introduction. The complementary error function is defined as 

(1 ) Erfc(z) = Nf et dt 1 - erf(z). 

Closely associated with the above is the function w(z) defined by 

(2) w(z) = e- Erfc(-iz), 

which has been studied and tabulated by numerous authors ([1], [2], [4], [5]). In certain 
physical problems relating to plasma instabilities, the function il-1/2W(Z), often re- 
ferred to as the "plasma dispersion function," is of importance. The function in this 
form has been tabulated by Fried and Conte [3]*, together with its first derivative, 
and, in this context, the zeros of the function play an important role. These zeros, 
which are symmetrically located with respect to the imaginary axis, lie entirely in 
the octants of the lower half-plane 2wx > arg z > 7wx/4 and 5w/4 > arg z > ir and 
approach asymptotically the lines y = -x and y = x, respectively. 

Zeros of the ordinary error function have been computed previously by Salzer, 
but, to date, no extensive tabulation of the zeros of the complementary error function 
is known. Approximate values of the first two can be found from the altitude chart 
in [1, p. 298]. 

1. Properties of the Function w(z). By definition, it is clear that 

(3) W(W = W-) 

w(-z) = 2e22 - W(Z). 

From the above relations, it is possible to find w(z) in the entire complex plane from 
its value in the first quadrant. In particular, 

(4) (a) w(-x + iy) = w(x + iy); 

(b) w(x - iy) = 2e-X-iy)2 - w(x + iy). 

Received May 30, 1972. 
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* A more accurate table of this function has been prepared by the present authors and will be 

issued as an ARL Technical Report in the near future. See [9]. 
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The following limiting forms are also evident: 

w(iy) = e" Erfc(y); 
(5) . 

W(X) = e + 12/2 e e dt. 
7r 

The last integral is sometimes called "Dawson's integral." For x y, w(x + iy) is 
expressible in terms of the Fresnel integrals 

(a) C(x) = cos t2 dt, 
(6) 2 

z 

(b) S(x) = sin- t dt, 
o2 

(7) w[(1 + i)x] = e-2ix{1 -(1 - i)[C(- ) + iS()]}. 

Some integral representations for w(z), in addition to the one given by Eq. (1), are 

ifO e- 2dt 
(8) W(Z) =t Im(z) > 0, 

or, equivalently, 

I co 
e [y + i(x- t)] dt 

(9) w (z)=-J (X-t)2+y2 , 
y > 0. 

The real part of w(z) as defined by Eq. (9) is often referred to as the "Voigt function" 
and is of importance in astrophysics. 

The function w(z) may also be represented by the following continued fraction: 

(10) W() [1 1/2 1 3/2 2 ... 
-\/7 -z - z -z - z -z- 

as well as by the well-known power and asymptotic series for the error function. It 
is noted that neither the asymptotic series nor the continued fraction is valid if z is in 
the lower half-plane. In this region, the function must be computed from Eq. (4)(b). 

2. Location of the Zeros. Because of symmetry [Eq. (4)(a)], it is sufficient to 
consider x > 0. By substituting x - t = s, Eq. (9) may be written in the equivalent 
form 

w(z) = u(x, y) + iv(x, y) 

(11) 2 f~ 2- y e- cosh 2xs dS if eS sinh 2xs 
= -2 Y I 2 2-2d + i S2 2 s ds 

from which it is clear that u(x, y) > 0, v(x, y) > 0 for x > 0, y > 0. This, together 
with Eq. (4)(a), shows that any zeros of w(z) which exist must lie in the lower half-plane 
and these, according to Eq. (4)(b), will be determined from the equations** 

(12) 2e y2X cos 2xy = u(x, y), 2e y2X sin 2xy = -v(x, y) 

** Henceforth it will be assumed that x and y are positive. 
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Since u(x, y) and v(x, y) --* 0 for jzj -* co, it is evident that, asymptotically, Iyj < x. 
Further, since u and v are both positive if x and y are positive, it follows that cos 2xy > 
0, sin 2xy < 0, and hence that 

(13) 2xy = 2n7r-f, n= 1,2, 

where 0 < f3 < ir/4. Since, for large values of jzj, w(z) i/r1-"2z, arg w -* ir-/4 as 
arg z -* r/4, and so ,B r4 as n -* c. Therefore, a reasonable assumption is 
x X + a, y X a-a where X = ((n - /8)ir)/2. From Eq. (12), we have 

(14) 2e 2x = . 

In Eq. (14), the magnitude of w can be approximated for large jzj by the first term 
of the continued fraction: 

(15) WI 1/(ir(x2 + y2))/2. 

This gives 

(16) 2e 1/x/ir [2X2 + 2a2]"2 1/(2ir)"2X 

Hence, 

(17) a - In [2(2-)"2X]. 

For a more precise estimate, we set 

(18) x-X+ a+p, y-X-a+q. 

From Eq. (14), we then get, with the assumption that 4p << 1, Xq << 1, 

2e -4X [I -2p()X + ax) + 2q(X - a)] 

(19) (2r)"/2X[1 + p(\ + a)/X2 + q(G - a)/X2]1/2 

* [1 rl p(X+,a) _q(X- a) 
-(27r)/2X, 2X2 2x'2 ' 

whence, using (16), 

(20) p[(\ + a)(4X2 _ 1)] = q[(X - a)(4X2 + 1)]. 

Thus, 

(21) p q[1 - 2a/X + 1/2X2]. 

Also, from Eq. (12), 

(22) tan 2xy = -v/u 

and, from Eq. (18), 

(23) 2xy= 2X2-2a 2 + 2p(X-a) + 2q(X + a) + 2pq 

-2X2 + 2X(p + q) - 2a2. 
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Using the addition formula for the tangent, 

1- 2X(p +q) +2a 2 
(24) tan 2xy I - 2a 

To approximate arg(w) adequately, we need two terms of the continued fraction: 

(25) 7r 1/2W 2 
iz (y- ix) 

z -X+ 

From (21), 

(26) p- q 

and, with this simplification, we get, from (24), 

(27) -tan 2xy 1 - 8Xp + 4a2 

and, from (25), after some manipulation 

(28) tan[arg(w)] I + 2a/X- 1/2X2. 

Hence, equating the right sides, and solving 

. 2Xa2 - a + (1/4X) 8(Xa)2 - 4a + 1 
(29) 4PX 2 16X3 

This gives the approximations 

x X + 
I 

ln(2(2r)r2X) + j I { 1 - ln(2(27r)"2X) + [ln(2(2r)"2)]}, 

(30) AIX 

* X - - ln(2(27r)"2X) + { I - ln(2(27r)"2X) + [ln(2(27r) A)]2}, 4X 6\32 

where X = ((n - 1))1/2 

Values obtained from the above approximation agree with the exact values to 
3 figures for n = 0 and to at least 8 figures for n > 50. 

It may be noted that the form of the three term asymptotic approximation to the 
roots of the more general equation w(2) = ae-2 (a real and positive) is identical to 
Eq. (30) except that the logarithmic term is replaced by ln(a(2ir)"/2X). In particular, 
the choice a = 1 gives the corresponding asymptotic approximation to the roots 
of erf(z) = 0, tabulated in [6]. 

3. Improvement of the Values Obtained by the Asymptotic Approximation. 
The approximate values given by the asymptotic approximation (30) may be used to 
obtain more accurate values by a method suggested by Salzer [6]. 

For convenience, we introduce the function y(p) = V/rw(ip)/2. This function 
satisfies the differential equation 

(31) dy/dp = 2py - 1 

or 

(32) dp/dy = 1/(2py - 1). 
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TABLE 1-Zeros of Erf(z) 

N X Y N X Y 

i 1.4506161632E4CC 1.8eO441CO02E+OO 51. i.2574098205E+Oi i.27i0780755E+Ol 
2 2.2446592738E4O0 2.6165751407E+00 52 1.2698211423E+Oi i.2833951354E+Oi 
3 2.8c9741 046EE+00 .i75528O995E+00 53 i.2a2ii26973E+Oi. i.2955947571E+Oi 
4 .4'54EC7 54E4CC 3.c4617437E4E+00 54 1.2942878851E+Oi i.30768024ClE+0i 
5 3.7690055670c400 4.0606972339E+OQ 55 i.30E3499448E+O i.3196547322E+Ol 
6 4.158SS?C98E+OO 4.4355714442E+00 56 1.3183019698E+0i 1.3315212392E+Oi 
7 4.5i62193C9EE4CC 4.78O447E442E+00 57 i.33al469i4iE+0a i.3432826332E+Ol 
8 4.eL797C3CS2EOO 5.1C15880435E+OC 58 i.3418876045E+Oi 1.'5494iE61EE+Oli 
9 5.1:87E7Sc75E+OC 5.4C4u2642dE+00 59 i.354526741dE+Ol 1.3665009537E+Ol 

10 5.452iS22C11E+CO 5.6e88374370E+OC EO i03E506691.47E+Oi i.3779E30282E+Oi 

i1 5.7208525SlE+OO 5.9604?33491E+00 65i i.37651C6033E+Oi 1.'893302996E+Oi 
12 5.99676928C8E4C0 6.2Z011'5193E+00 62 i.3878601857E+Oi i.400605084CE+Oi 
13 6.2515360724+E400 6.4692163130E+O0 63 i.399i179441E+Oi 1.4117896045E+Oi 
1 4 E.4c644'524E+OO 6.7089659323E+00 64 1.41C2860E98E+01 1.4228859967E+Oi 
15 E.7'25Ce8434E4CC E.940!510C92E+oo 65 i.4213666686E+Ui 1.4338963132E+Oi 
1.6 6.C6074C 702E4CO 7.1E1920155E+OC E6 i.4323617649E+Oi 1*4448225279E+Oi 
1.7 7.iE175E%549E4OO 7.3E118E7953E+00 67 1.44'27'3065E+Oi 1.4556665407E+Oi 
1.8 7.26'2L40888E4CC 7.59192E5791E+OO 68 i.454103iE81E+Oi i.4664301807E+Ol 
is ?.EC47iS5550E40C 7.7969Z21790E+OC E9 1.464853i557E+Oi 1.4771152104E+Oi 
20 7.eC76e74C12E4CC 7*99EE288395E+00 70 i.4755250094E+01 i.4877233285E+Ol 

21 e.0055527008E400 8.1914287507E+00 71. i.48EI204074E+Oi i.498256i735E+Oi 
22 e.*18E81030oE+OO 8.3816701210E+00 72 1.4966409E85E+Oi i.5087153266E+Oi 
23 8.s87Z9E354iE4CC 8.5E7E5c41liE+00 73 1.507088255iE+01 i.5191023142E+01 
24 f.57I.Se73564E4aC 8.74967C1764E+0C 74 i.51746377E2E+01 1.5294186108E+01 
25 f.7527i25S75E4O0 B.S27S477963E+00 75 1.5277689897E+O1 i.539E656414E+01 
26 E.29z8c47 2EE4O0 9.10271'4002E+00 76 i.5380053048E+01 1.549844783EE+Oi 
27 S.1CE4740C38EccC S.2741E70843E+OC 77 1.5481740841E+01 1.'59957370iE+01 
28 S.273Siii487E4EC 9.44249CE194E+00 78 1.5582766461E+01 i.570004690'E+Oi 
29 E.4412898415E4CO 9.6O784'7166E+OQ 79 1.5683142E68E+01 1.579987992EE+Oa 
30 S.EG57E8755oE400 9.7703959481E+00 80 1.5782881821E+01 1.5899084862E+Oi 

31 9.7E749''130E4CC 9.S302E638l9E+00 e 1.5881995887E+01. 1.599767342EE+Oi 
32 S.S26597i882E4O0 1.0087594981E+01 82 1.598o4964E6E+Oi 1.6095656972E+Oi 
33 J.CC8rZEa58SE+01 1.02424q3803E+01 8 3 i.6078394805E+01 1.6193046511E+Ol 
34 J.C23742E672E4Ci 1.0395C74Q59E+01 84 1.6175701808E+Ui 1.6289852724E+Ol 
35 1.01.8S371GOE+01 1.045436985E+01 85 1.6272428058E+01 1.6386085974E+Oi 
36 1.CE3':13402E4Ci l.CE'3E1EEE4E+01 66 1.6368583822E+01 i.648i756323E+0l 
37 J.CE8E81Ce72E4Ci 1.0e3SEE0698E+Ol 87 i.64E4179072E+01 1.6576873539E+01 
38 1.CE3248i752E401 l..084i10824E+0i ee i.6559223491E+01 i.E67i4471i4E+0l 
39 i.*076227q78E4C1 1.112E5C3445E+01 e9 1.6653726485E+01 i.6765486267E+Oi 
40 I.iJi81i2591E40j i.1267O70108E+O1 90 i.6747697200E+Oi 1.6858999964E+Oi 

41 1.i258228i85E+0i i.l4058e7925E+0i 91. i.6841i44522E+Oi i.695199692QE+Oi 
42 IJs1i966'7C98E4Ci 1.1543C49948E+01 S 2 1.6934077097E+01 i.7044485613E+01 
43 1.1533381775E401 1.1678585507E+Oi S3 1.7026503332E+01 1.713647429CE+Oi 
44 I.iE6ee'CC7eE4ol 1.1812560508E+O1 S4 1.71l8421411E+01 i.722797098GE+Oi 
45 .io80212E57EE4a1 1.1S45C27705E+01 95 1.72098692S8E+01 1.731898349EE+O0 
46 1.iC3422E02E4Ci 1.2C7rC?6943E+O1 S6 i.73C0824747E+01 1.740951944SE+Oi 
47 1.2C64S27481E4Cj 1.225oE 379E+O1 S7 i.73913G5'11E+01 1.7499586252E+Oi 
48 I.21942CE74iE4t1 1i.2333E67680E+01 98 1.7481318347E+01 1.758919112EE+Oi 
49 1.21221O4304E401 1.2460776202E+01 99 1.7570871025E+01 1.7678341112E+Oi 
50 1.2A487'iE5EE4Cj 1.2'58ECi155E+01 100 1.7659970332E+01 1.7767Q43Q69E+0i 

Now, let pn, be a zero of y(p), and p an approximation to Pn. Then, in the vicinity of p, 
we may expand pn into a power series in y(p): 

(33) p = pn + aly(p) + a2y2(p) + a3y3(p) + *.. 

Substituting (33) into (32), we get 

(34) a, = -1, 2a2 = 2apn, 3a3 = 4azpn + 2al 

and, in general, 
k-2 

(35) kak = 2 (k- 1)pfak-l ? (k -i- 1)aiak-i-l , k > 2. 

The series up to terms of order y4 is 

(36) pn = p + y(P) + Py2(p) + 4Pf 2 y3() + Pn - 5Pn 4(p) + 

By successive substitutions, this may be expressed in terms of p as follows: 
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TABLE 2-Zeros of Erfc(z) 

N X Y N X Y 

i. 1.99i4668430E+OO -i.35481C128iE+O0 51 i.2724547357E+Di -i.256045i772E+Oi 
2 2.E.1i14SC243E+OO -2.1770449061E+0Q 52 i.2847583687E+Di -i.2E846962C7E+O01 
3 2.2353308684E*CC -2.7843e76132E+00 53 1i.296944948.E+Oi -i.2807739261E+O1 
4 3.6S73097025E4OO -3.28741C7894E+00 54 i.30SOi77564E+o1 -1. 2S26i5089E+Oi 
5 4.iC61072e47E+00 -3.72594d7194E+00 55 i.32C9799233E+Oi -i.305G356257E+Oi 
6 4A4.6e15ES3CE4(C -4.i196Z5227EE+00 56 i.3328344397E+Oi -i.3i6999384EE+G: 
7 4.8i848e2q19E400 -4.4798327977E+00 57 1.3445841E23E+Oi -i.3288557544E+Oi 
8 5.i27CE72713E4OC -4.8138CEE820E+00 58 :.35E23iL243E+Oi -1.a40Eo75732E+Oi 
S S.e467US1N7E400 -5.1265'i5455E+00 59 i.3677803433E+Oi -1s3522575566E+Gi 

10 5*72OAZ4'51OE4O0 -5.42i5885769E+00 co :.37S2313244E+Ji -:1.Z638083042E+Oi 

li 5.99056149i2E4CC -5.7ai65E4456E+o0 61 i.390538070oE+Oi -i.3752623072E+Oi 
12 E.248P77266IE400 -5.9688CC2871E+OC E2 ia4018525e77E+01 -1.3866219544E+Oi 
13 E.e41e2S48eE+oa -6.2246517451E+00 63 i.41i30270879E+Oi -i.3S7889537eE+Oi 
14 E.*7.5531S5oeE4Ca -6.4705263755E+00 64 is4241i36972E+Oi -i.4090672581E+Oi 
15 E.SE5g9iSE12E4CO -6.7C750'1267E+OC ?5 i..431144590E+oi -1.420i572300E+Oi 
ie 7.1ee8%5e44E4CC -e.93647S862iE+0o 66 i.4460313386E+Oi -i.43i1614862E+Oa 
i7 7.a452Z5241iE4oo -7.1582i21926E+00 67 i.45E8662274E+Oi -i.4420819825E+Oi 
i8 7.El52e22086E400 -7.3733477i79E+00 68 i.4676209468E+0i -i.4529206Oi'E+Oi 
19 7.8i9E4444E9E4CG -7.58241'79224E+OO 69 i.47829725i8E+Gl -1.4636791555E+Oi 
20 1.ai87609396E+00 -7.7859648641E+00 70 lo4888968340E+Oi -i.4743593923E+Oi 

21. 6213CIE85e2E40c -7.98434So902E+00 7i. i.4994213254E+Oi -i*484S629961E+Oi 
22 8.4C27522745E4OO -8.177Sc774iE+a0 72 i.5098723005E+Oi -i*49549i592CE+Qi 
23 f.5882ESe696E+ao -8.3671277697E+OC 73 i.5202512799E+Oi -i.5059467483E+Oi 
24 E*.7698387658E4CC -8.5521420831E+00 74 i.53C5597322E+Oi -i.5163299796E+Oi 
25 f.e47701603E400 -8.733265i261E+OG 75 1.54G7990768E+Oi -i.526642748SE+Oi 
26 .i#2C77L4360E+00 - 8. 9107320198E+O 0 16 i .55097 06862E+Oi -i.5368864707E+Oi 
27 9.293i63272OE4CQ -9.o8e4755iO5E+O0 77 1.56i0758880E+Oi -i.547G525i2ZE+Qi 
28 5.46:113Si54E4OO -9.2555271305E+00 78 :1.571ii59E68E+Oi -i.557172i970E+Oi 
29 S.e26i6e8So3E+00 -9.42322328i4E+00 79 1.5810921665E+Oi -i.5E72Ti68051E+Di 
30 9.7884026454E40o -9.5880037302E+O0 80 i*5910056918E+Oi -1.577i975767E+Oi 

31. So477eO25SE+OO -9.7500151899E+00 81 i,6OC8577:lOiE+Oi -1.t87ii57i2EE+O1 
32 1.OiO5Q21779E4G1 -9.9G9 9?24807E+OO 82 i.6106493529E+Oi -i.5969723768E+Oi 
33 iO25S650868EC4i 1i.sO66259837E+Oi A3 i.62C3817173E+Oi -i.6067b86975E+Oi 
34 1.*0i1I72515E+Oi -1.0220732033E+Oi 84 1*6300558677E+Oi -i.E16505768EE+Oi 
35 1iC562C9CC8'E40i *-1.0372Si5363E+Oi e5 i.6396728371E+Oi -i.6261846522E+Oi 
36 1#0710D93857E401 -i. 05229 C849 3E+01 H6 i*649233628iE+Oi -1.6358063780E+fl1 
3? i I*.E5EG7172iE4Oi -i.D67CEC3202E+Oi U7 i.6587392144E+Oi -i.6453719462E+Oi 
38 1e1OClC4759E4C1 -1.a81E6E5a4iE+01 88 i*66e190542aE+Oi -i.6548823284E+Di 
39 1si1422e8785E4Ci -i.09606'3905E+Oi 89 :,67758e5299E+0i -i.664338468GE+Oi 
40 1*128263480EEiCi -i.11027Z4544E+O. so i.6869340a71E+01 -:.737t412822E491 

41 i.i42i269441E40i -i.i243027ai6E+O1 91 i.69E2280a64E+Oi -i.68309i6625E+Oi 
42 1.ei582Z5292E+Oi -i.13 816070 87E+Oi 92 i.7054712689E+Oi -1. 692390476CE+ai 
43 tiE9359i274E40i -i*151c52659iE+Oi 93 i.7146645915E+Oi -i.70iE38566CE+Oi 
44 Ji*E273S2914E+CI -1.i653e43753E+Oi Si4 1.7238088045E+Oi -i.710a86753aE+Oi 
45 .i15e!6921e6E+O? -i.1787Ei3474E+0i 95 i.7329046869E+0i -i.7i9S85835SE+Oi 
46 1*.29CG59Sa2E+Oi -i.iiS887594E+Oi 96 i.7419529976E+Oi -i.72Sa865924E+Oi 
47 i.221iSe12EE40i -i.2G50715120E+Oi S7 i.75C9544756E+Oi -i.738i397797E+Oi 
48 i.2Z48aE2i37E4Ci -i.2i8ci4244EE+Oi S8 i.75990984iOE+Oi -1.7471461356E+Oi 
49 i.2474823677E+Oi -i.2308213536E+Oi 99 i.76e8197956E+Oi -1.756ia63792E+Oi 
so i.2EO03cEOESE+Oi -i&2434S7aIO5E+OL iOO i.7776850238E+Oi -i.765C2i2i1iE+Oi 

( 3 7) Pn = P + Y + py2? 4 P + 1 3 + 1 2 P? + 7P 4 

It is interesting to note that the iteration scheme 

(38) p(k+l) -pk + y(p(k)) + (k) [y(p (k))]2 

based on Eq. (37) differs in the third term from that obtained by Newton's method, 
namely 

(39) p(k+l) = p(k) + y(p(k)){j + 2p(k)y(pk)) ?+ 

The accompanying table lists the first hundred zeros of w(z) and of erf(z). In 
computing these, values of w(z) were obtained by numerical integration of Eq. (9). 
The error estimate for this type of quadrature is given by the Poisson summation 
formula. The resulting formulae are essentially the same as Salzer's (see [7], [8]). 

For n _ 5, only the first three terms of (37) are required, and for n _ 0 at most 
four terms are needed, except n = 0, where the fifth term contributes 2 units in the 
last figure of the real part. Comparison of the first ten of the values obtained for the 
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zeros of erf(z) with those given by Salzer [6] disclosed only two discrepancies, one 
amounting to one unit in the tenth figure of the real part of the second zero and the 
other to one unit in the tenth figure of the imaginary part of the eighth one. 
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